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SHORT COMMUNICATIONS

Note on the statistical approach to the phase problem. By J. Giits, Department of Applied Mathe-

matics, Weizmann Institute of Science, Rehovoth, Israel

(Received 3 April 1956)

1. Consider a centrosymmetric structure and let H denote
the general reciprocal-lattice point (kkl), Ug the corre-
sponding unitary structure factor, and Sg its sign. Then
the method of Cochran & Douglas (1955) for determining
phases is to maximize the expression

Fy =HZH’P(H, H')SgSp' S+’ » (1)

where the P(H, H') are suitable non-negative weighting
factors. This is based on the fact that, for sufficiently
large values of |UgUg'Ugyg-|, the expression SgSg-Sgin
has probability greater than } of being positive. However,
the expression F; does not utilize all the information con-
tained in the list of absolute values of Ug. In particular,
it follows from equation (7) of Zachariasen (1952) that,
provided that

|Ug|*+|Ug'|* < |Ug+m'Ug-gr'l » (2)
we shall, on the average, have
SeSa(Ugsa+Up-g)~ —Upgia'Ug-n’ . (3)
Hence we have
(148587 Ugen)(1+8SaSup-Ug-g) ~ 1, (4)
and so, unless |Ug,g'|, |Ug—pg’| are both small,
Spip’ = —Sg_g’ - (5)

The relation (5) has been checked for a number of
solved structures and has been found to hold with high
probability, subject to the conditions stated. This suggests
that F, be replaced by

F, =£'P(H’ H')SgSa Sg+a’
’ ~ Z QUH, H)Spsm Spa- (6)

It is known (Woolfson, 1954; Cochran & Douglas, 1955)
that P(H, H') may be taken to be |UgUg-Ugig’|. By
a similar argument it can be shown that @(H, H') may
be defined as follows:

if (2) holds,

QH,H'Y = |Ugyn'Ug-s'|, M
otherwise,

QEH,H')=0.

The techniques developed by Cochran & Douglas for
the application of high-speed digital computing ma.
chinery to the exploitation of (1) can be used, with some
modification, on (6). Further details, along with an analyt-
ical justification, will be published later. Meanwhile it
may be of interest to report on a practical combination
of these concepts with the method of inequalities in the
study of & known structure.

2. The data obtained by Abrahams & Robertson (1948)
for p-nitroaniline were investigated by the inequalities

method and, as a result, it was possible to express the
signs of a number of the A0l structure factors in terms of
five unknowns, a, b, ¢, d, e, (cf. Gillis, 1948). It was then
decided to try to evaluate these unknowns by statistical
methods. However, the relations obtained from the in-
equalities had all been of the form Sg,p = SgSg’ and
s0, to reduce the overlap of information, the first sum was
omitted from F, and only the second sum was used. The
problem was thus to minimize

Fy =23 Q(H,H)Sg+p'Se-n" - (8)
HH
It turned out that

F,=2-31a+2-30e+42:43ae+b(1:16 4 0-62a -+ 0-95ae + 0-34¢)
+d(0-1340-28a+ 0-19¢+ 0-10ae+ 0-20b + 0-12ab)
+¢(0-1940-09+0-13ae) . (9)

The actual values of F; for the 32 possible sets of signs
range from —3-88 to +11-54. The lowest-scoring sets
were
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The top line of the table was in fact the correct one. Even
without this knowledge, however, it would have been
tempting to try ¢ = b = ¢ = —1, and these would have
correctly determined the signs of 21 among the larger
structure factors.

3. In some examples, constructed artificially, it was
found that F, could be maximized by repeated adjust-
ment of the Sg’s. This process was rejected by Cochran
& Douglas as a method for maximizing F,, for reasons
which seem to be very substantial. It has not so far been
possible to determine sufficient conditions under which
the process can be expected to give the correct result for
F,. However, it is clear that the presence of the second
sum in F, removes a simple and fundamental weakness
of F, namely that the latter is always maximized by the
wrong set Sg = +1 for all H.
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